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Abstract
Considering a sequence of i.i.d. positive random variables, for products of sums of
partial sums we establish an almost sure central limit theorem, which holds for some
class of unbounded measurable functions.
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1 Introduction andmain results
Let {Xn;n≥ } be a sequence of random variables and deﬁne Sn = ∑ni=Xi. Some results as
regards the limit theorem of products
∏n
j= Sj were obtained in recent years. Rempala and
Wesolowski [] obtained the following asymptotics for products of sums for a sequence of
i.i.d. random variables.
Theorem A Let {Xn;n≥ } be a sequence of i.i.d. positive square integrable random vari-








N as n→ ∞. (.)
Here and in the sequel,N is a standard normal random variable and d→ denotes the con-
vergence in distribution.
Gonchigdanzan and Rempala [] discussed the almost sure central limit theorem
(ASCLT) for the products of partial sums and obtained the following result.
Theorem B Let {Xn;n≥ } be a sequence of i.i.d. positive random variables with EX = μ,
















= F(x) a.s. for any x ∈R, (.)
where F is the distribution function of the random variable e
√
N . Here and in the sequel,
I{·} denotes the indicator function.
© 2016 Feng and Wang. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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Tan and Peng [] proved the result of TheoremB still holds for some class of unbounded
measurable functions and obtained the following result.
TheoremC Let {Xn;n≥ } be a sequence of i.i.d. positive random variables with EX = μ,
Var(X) = σ , E|X| < ∞, the coeﬃcient of variation γ = σ /μ. Let g(x) be a real valued
almost everywhere continuous function on R such that |g(ex)φ(x)| ≤ c( + |x|)–α with some



















g(x) dF(x) a.s. for any x ∈R, (.)
where F(·) is the distribution function of the random variable e
√
N and φ(x) is the density
function of the standard normal random variable.
Zhang et al. [] discussed the almost sure central limit theory for products of sums of
partial sums and obtained the following result.
Theorem D Let {X,Xn;n ≥ } be a sequence of i.i.d. positive square integrable random






















= F(x) a.s. for any x ∈R, (.)
where F(·) is the distribution function of the random variable e
√
/N .
The purpose of this article is to establish that Theorem D holds for some class of un-
bounded measurable functions.
Our main result is the following theorem.
Theorem. Let {Xn;n≥ } be a sequence of i.i.d. positive random variables withEX = μ,
Var(X) = σ , E|X| < ∞, the coeﬃcient of variation γ = σ /μ. Let g(x) be a real valued
almost everywhere continuous function on R such that |g(e
√
/x)φ(x)| ≤ c( + |x|)–α with
























g(x) dF(x) a.s. for any x ∈R, (.)
where F(·) is the distribution function of the random variable e
√
/N . Here and in the
sequel, φ(x) is the density function of the standard normal random variable.
Remark  Let f (x) = g(e
√














































Since F(x) is the distribution function of the random variable e
√




 logx), where(x) is the distribution function of the standard normal random vari-
able. Hence we have the following: Let f (x) = g(e
√
/x) and f (x) be a real valued almost
everywhere continuous function on R such that |f (x)φ(x)| ≤ c( + |x|)–α with some c > 























f (x)φ(x) dx a.s. for any x ∈R. (.)
Remark  By the proof of Theorem  of Berkes et al. [], in order to prove (.), it suﬃces
to show (.) holds true for f (x)φ(x) = ( + |x|)–α with α > . Here and in the sequel, f (x)
satisﬁes f (x)φ(x) = ( + |x|)–α with α > .
2 Preliminaries
In the following, the notation an ∼ bn means that limn→∞ an/bn =  and an 	 bn means








j(j+) , dk,n =
n+–k
n+ ,
X˜i = Xi–μσ , S˜k =
∑k
i= X˜i, Sk,n =
∑k
i= ci,nX˜i. By Lemma . of Wu [], we can get
















































































(k +  – l)





















































By the fact that E|X| <∞, using the Marcinkiewicz-Zygmund strong large number law,
we have
















































In order to prove Theorem ., we introduce the following lemmas.
Lemma . Let X and Y be random variables. Set F(x) = P(X < x), G(x) = P(X + Y < x),
then for any ε >  and x ∈R,
F(x – ε) – P
(|Y | ≥ ε) ≤G(x)≤ F(x + ε) + P(|Y | ≥ ε).
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Proof See Lemma  on p. of Petrov []. 
Lemma . Let {Xn;n ≥ } be a sequence of i.i.d. positive random variables. Denote Sn =
∑n
i=Xi, Fs denotes the distribution function obtained from F by symmetrization and choose
L >  so large that
∫






a≤ Sn√n ≤ a + λ
)
≤ cλ
holds for λ√n≥ L.
















where  < β < (α – )/.
Lemma . Under the conditions of Theorem ., we get
P
(
Zk = Z∗k , i.o.
)
= .
Proof It is easy to get
{
Zk = Z∗k
















∣ ≥ f –
(
k/(logk)β
) ≥ ( logk + (α – β) log logk)/
for some k < i≤ k+
}
.






















We complete the proof of Lemma .. 
Let Gi, Fi, F denote the distribution functions of Yi, S˜i√i , X˜, respectively.  denotes the





































Obviously σi ≤ , limi→∞ σi = .

































holds for any bounded, measurable function (x) and the distribution functions H(x),






















f (x) d(x) + θi
k
(logk)β ;
here and in the sequel ak = f –( k(logk)β ). Hence, by the Cauchy-Schwarz inequality and the
























































( + |x|)α dx	
k
(logk)β+(α+)/ .
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Let ε = i–/, then





Therefore, there exists ε >  such that
θi 	 iε + εi.
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We complete the proof of Lemma .. 






∣ 	 kl(logk)β (log l)β 
–(l–k)τ ,
where τ is a constant  < τ ≤ /.
Proof For ≤ i≤ j/, j≥ j and any x, y, we ﬁrst prove
∣






































–/ ≤ ρ/ ≤ ρτ ,
where τ is a constant  < τ ≤ /.









where τ is a constant,  < τ ≤ /.



































































( j – i
j + 
)





where τ is a constant that satisﬁes  < τ ≤ /.
By Lemma . and the fact that ρ = ij , ≤ i≤ j/, we have
P
(






√ – ρ 	 ρ
/.
Set τ = min{τ, τ, τ, /}, we get
P(Yi ≤ x,Yj ≤ y)
= P
(




Yi ≤ x, Si,i√j/ +
√




 – ρ ci+,j˜Si√
(j – i)/






















































= P(Yi ≤ x)P
(
√





We can get a similar upper estimate for P(Yi ≤ x,Yj ≤ y) in the same way. Thus there exists
some constantM such that
P(Yi ≤ x,Yj ≤ y) = P(Yi ≤ x)P
(
√






P(Yi ≤ x)P(Yj ≤ y) = p(Yi ≤ x)P
(
√





holds for some constantM′. Thus we prove that (.) holds.
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LetGi,j(x, y) be the joint distribution function of Yi and Yj. By (.) and (.), for k < i≤














































∣ 	 kl(logk)β (log l)β 
–(l–k)τ .
We complete the proof of Lemma .. 











Proof It follows from Lemma . and Lemma . that Lemma . also holds true. The
proof is similar to that of Lemma  of Berkes et al. []. So we omit it here. 
3 Proof of theorem































ηk =  a.s. (.)
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Set a =
∫ ∞



















∣ = . (.)
























































i + ok(), |ζk| ≤ .
Using
∑L






































logNk+ = a a.s.





logNk+ = a a.s. (.)





logN+ = a a.s.,
i.e. (.) holds for the subsequence N = k . Using again the positivity of the terms, we get
(.). We complete the proof of Theorem ..
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